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FIG. 1: The ratio u1/u2 as function of γ for p = 0.2.

square lattice array of such tubes coupled by transverse
hopping t⊥. We are interested in the fate of the 1D FFLO
phase as the t⊥ is turned on.

In the limit of small t⊥, we can treat H⊥ and HJ as
perturbations to the individual 1D Hamiltonian HFFLO.
In the language of renormalization group (RG), both H⊥

and HJ are relevant perturbations: the scaling dimen-
sions of the single particle and pair tunneling are both
smaller than 2. The first-order RG equations for the ef-
fective inter-tube couplings t⊥(κ) and J(κ) at momentum
scale κ (with κ → 0) read:

κdt⊥(κ)/dκ = (2δ↑ − 2)t⊥(κ),
κdJ(κ)/dκ = (2δ∆ − 2)J(κ),

(18)

where the equation of t⊥ is for the spin ↑ tunneling (as
we have emphasized before, it is more relevant than the
spin ↓). In other words, the fate of the 1D FFLO phase
is controlled by the relative magnitude δ↑ and δ∆ [17].
For δ∆ < δ↑, pair tunneling is most relevant and the
system flows into a quasi-1D FFLO state. In this state,
strong effective Josephson coupling locks the phases of all
tubes to establish the overall phase coherence to produce
a genuine superfluid state. For δ∆ > δ↑, however, single
particle tunneling is most relevant and the system flows
into a partially polarized Fermi liquid (FL) state with
well defined quasiparticles. In the latter case, the actual
ground state of the quasi-1D system at zero temperature
depends on the residue interactions between quasiparti-
cles, the details of which are not captured by the leading
order RG analysis presented here [17]. Such limited pre-
dictive power is inherent to all leading order RG analysis
on coupled Luttinger liquids. Therefore, the Fermi liquid
state predicted here should be understood as a region in
the phase diagram where the superfluid transition tem-
perature is significantly suppressed by the weakening of
effective intertube Josephson coupling. It is important
to bear in mind that other instabilities may take over at
lower temperatures leading to a ground state with broken
symmetry.
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FIG. 2: Zero temperature phase diagram of a quasi-1D at-
tractive Fermi gas in the limit of weak inter-tube tunneling.
γ is the interaction strength of the Gaudin-Yang model and
p is the population imbalance.

The T = 0 phase diagram of the quasi-1D gas system
based on leading order RG is shown in Fig. 2. It is ob-
tained by going through the steps outlined in Sec.IVB
and taking the continuum limit, a → 0, for fixed parti-
cle numbers and system length L [see Eq. (3)]. As the
intertube tunneling is turned on, the 1D FFLO phase
(originally occupying the whole region 0 < p < 1 for all
γ) splits into two distinct phases, an FFLO superfluid
and a polarized Fermi liquid (FL). Intuitively, stronger
attractive interaction (larger γ) favors the FFLO phase.
From Fig. 2, one can read off the critical interaction
strength required to realize the quasi-1D FFLO state for
given p. For fixed interaction γ, increasing imbalance
would drive the system out of FFLO into a Fermi liquid
phase. A crucial feature of the phase diagram is that the
FFLO phase survives in a smaller region in quasi-1D than
true 1D (single tube). This shrinking trend observed at
t⊥ → 0 is expected to continue as t⊥ increases, since we
know that FFLO state in 3D only occupies a tiny part
of the phase diagram [8]. Fig. 3 shows T = 0 phase di-
agram of the quasi-1D attractive Hubbard model in the
limit of t⊥ → 0. We observe a similar splitting of the
1D FFLO phase. Ref. 37 also discussed the phases of
weakly coupled Hubbard chains in the presence of finite
spin polarization, close in spirit with ours. While our
main focus here is the continuous gas systems (without
lattice in the x direction), our result of quasi-1D Hubbard
model (Figure 3) agrees with Ref. 37.

VII. THE TRANSITION TEMPERATURE OF
QUASI-1D FFLO STATE

In this section, we use the random phase approxima-
tion (RPA) [16, 40, 41] to compute the FFLO superfluid
transition temperature Tc for the quasi-1D system with


