P7654 HW3

DueWednesday Feb 13, 2013

Problem 1. Polarization Bubble as a Photon Selfenergy Here is a slightly backward way about think-
ing about optical absorption/index of refraction. Nobodyes things this way, but | thought it would be
instructive.

We are going to consider light coupled to some system. Geaibriwe can write
H =" chafar + > (Mo + afAy) + H, (1)
k k
where H, is the system Hamiltonian, antl,, is some operator which acts on the system. As a concrete
example you could have the system being a single two-leweh at the origin, in which case

H, = eo, (2
A, = Mdo_. 3)

Another concrete example could be an electron gas, wheraemigiet take the photon to couple to the
electron density:

Ae = A pUl ks @)
p

Regardless, one defines the photon self-energy via thessipne

(G wW) = (Go (@) o = S (). (5)
where
(G") oy = Ot (w — k) (6)
is the free photon Greens function. In the case of a trapslalfy invariant medium, this simplifies to
k
Glk,w) = Go(k, w) (7)

1-— E(k‘, w)GQ(k‘, w) ’
whereGy(k,w) = 1/(w — ck).
1.1. In terms of a time ordered correlation function of theperator, what i£ (%, w) to lowest order in the
photon-system coupling?
Typically X(k,w) is small compared to optical photon energies. This méansll have a pole somewhere
nearw = ck. Itis therefore reasonable to approximaidy its "on-shell” value,

E(k‘, w) ~ Z‘(k‘, Ck?) =11 + ’irk/Q. (8)

For the remainder of this question we will work within thispapximation.
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1.2. Optical Absorption: If | start at timet = 0 with a single photon with momentui In terms ofl'y,
what is the probability that after a tintd will still have a photon in that modand the system has not been
excited?

1.3. Index of Refraction: | can consider adding a state consisting of a wavepacketsétiqror with width
o and momentunt:

dSk _0.2 _ 2 ik-r
|T’,k0,0’> :/We (k—ko) /2€k CZL|\I’>, (9)

whereV is the ground state of the "system” without photons. Afterdi one imagines this wavefunction
should evolve into something of the form

3k , .
‘t> _ / me—wﬁkt—’ykte—(ﬂ(k—ko)?/Qezk-ra};’\I,> + \incoherent> (10)
mwo

where|incoherent) represents terms where the system is excited in some waye @prwith an argument
relating¢; and~, to the self-energy. This gives you an intuitive meaning far $elf-energy.

Problem 2. Polarization bubble as response to classical disturbance: This is the more typical way of
thinking of optical absorption/index of refraction.

Consider driving a system via a classical electromagnedid.fiTypically we can write the Hamiltonian as
H =3 (Mox() + ai(h)Ae) + H,, (11)
k
where the c-numbetiy(t) is proportional to the Fourier transform of the electricdieln equilibrium we
will assume(A) = 0. We should think oty as the classical version of theg in the last problem.

2.1. For weak fields, the work done on the system by the electrogtagfield will be quadratic in the'’s.
Express the power dissipatétin terms of a correlation function of th¥'s.

2.2. The "net loss rate of photons” should B¥(ck). How does this compare with the last problem?

Problem 3. Doppler Line-shape of an ideal gas of two-level atoms. Consider a gas of two-level systems
with Hamiltonian
H = "(ex + v)bjby, + exafay, (12)
k

wherea,, andb,, annihilate atoms in the two states. Lets take= k2/2m — yu, and letv be in a frequency
range where we can imagine eith@r > 1 or fv < 1. We are going to try to pass electomagnetic waves
through this system.

As argued in problem 1, the phase shift of the waves will bateel to the real part of a polarization bubble,
while the imaginary part will give the absorption. The relevbubble here is

TI(r,t) = %(TbT(r,t)a(r, #at (0,0)6(0,0)). (13)
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3.1. Using the techniques you have developed in previous honkeswarite an expression fdr(k,w) =
2ImII(k,w) in terms of an integral over the momentum in the bubble. Riaylgithis corresponds to the net
absorption. Thus your answer should be the difference obaaration term and an emission term.

3.2. The Doppler effect comes about from the fact that in the gndagta-function there is momentum
dependence. If you neglect this momentum dependence thbditomes a delta-function. What frequency
of light is absorbed? [Don't overthink it — you would have givthis answer without doing any calculation.]

3.3. Take the limitGr > 1, in which case one can set all occupation numbers invol¥isgp zero. Take
the classical limit, where the occupation numbers fordisearen;, = e~ 2. In this limit you can do the
momentum integrals (including the momentum dependendeeiimtegral).

In particular, plot the absorption spectrdik = w/c,w) as a function ofv. What sets the line width?

We can add the natural linewidth from spontaneous emissyomsing the following propegator for thie
atoms (when the imaginary part of> 0):

Gk, w) = 1 ) (15)

W — € —V— 1y

3.4. Neglecting the Doppler effect, but including spontaneausseion, calculate the absorption spectrum.

As afinal aside, the decay of thetoms comes from the coupling to the electromagnetic fiellse can
write this approximation to the polarization bubble is

You summed this series in the last homework set.

Problem 4. Electromagnetically induced transparency We now consider a gas of three-level atoms.

Ho = (e + vb)blbr, + (er + va)afar + (e + ve)ehcr, (16)
k

wherev, = v., buty, is much larger. If | send in light which couples to the- b transition, then we just
recover the results of the previous problem. | want to see thisva — b polarization bubble is changed
when | add a laser which resonantly couplendc. In other words, lets add to this a term

ZQ |: i(Ve—1p th Ck + e—i(Vc_Vb)tEZbk_i_q] . (17)
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We will neglect recoil, takingy = 0.

The standard approach to dealing with such time dependepting terms is to do a canonical transforma-
tion

e (t) = e Tl (1), (18)
The Hamiltonian in terms of theoperators is

H=H— Z(VC — Vb)C};Ck. (29)
k

4.1. Verify that this transformation is Cannonical. IE. Showttkize following two sets of equations of
motion are identical:

iatck = [Ck,H] (20)
ier, = o, H]. (21)

4.2. Find the propegato,(k,w). [Use whatever method you like — one approach is to sum asserie
Q..] Where does this have poles?

4.3. What is the selfenerg¥y, (k,w)?
4.4, We can add spontaneous emission by taking

Y — Y +iy/2.
What is By, (k,w) in that case?

4.5. Calculate the imaginary part of the polarization bubb{é, w) = 2ImII(k,w) where,
1
I(r,t) = ;(TbT(r,t)a(r, t)a'(0,0)b(0,0)). (22)

Assume that the temperature is small compared, te v,, SO you can neglect the occupation numbers for
theb states. Furthermore, neglect Doppler broadenning.

4.6. Sketch the absorption spectruffw) = I'(k = w/c,w) as a function ofv. Hypothesize why this is
known as "electromagnetically induced transparency”.

Aside: While | will not have you do it, the real value of thispapach is that you can readily add in Doppler
broadenning.



