Collective Modes
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Learning Goals

* |dea of probing collective modes
* phonons, plaswmons,...
* Equations of motion (collective

coordinate) approach
* Virial Theorem
* Sum Rules Very specific
example

* Linear Response




Setup

N atoms in harwmonic frap (anisotropic)

P 1 iRRRees
H:Z ey “mwir? +7OZ5(1‘7:—1'3')

o i 1<J

Change omega’s and watch response
Measure in an experiment:

D
Qa =) T
J

(breathing modes, Goal today:
quadrupole modes) calculate frequencies




Equation of motion
approach
b= z'ih[Qo”H] == %Zriapia + DiaTia

s | I 4 1
Qa e %[QOMH] = E (Ta_va+§U>

2
- Dia 1 1
Ta 1] —~ 2m Va — §mw§Qa b= §U0 E 5(7“@ = ’I"j)

1

(AKA collective coordinates)




Equation of motion
approach

1
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Virial Theorem

i | I 4 1
Qoz = E[QO&?H] = E (Ta_va—|-§U>

In equilibrium Q is time independant

(Ta) — (V) + 5{U) = 0

Also useful to note

H=) T,+)» Va+U




CIosmg the equations

a5 [Qa, ]_E(T REL 2o A un by U>

Case 1: U=0
H,=T,+V, is constant of motion
Qa :_4w [Qa_ H2]
mw
Shiff Q.' Qa — Qa B E H 5
Tmw
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Qo = —4w2Q.  Oscillates at twice trap frequency




closmg the equations

Qa [Qa, ]_E(T Vo U>

Case 2: T=0 (good approximation for a BEC)

U=H-) Vg
p

d2 Qa 9 30)323 WylWy WgWy ks

p70) Qy = EH 258 EERERATy Sw?f Wy Wy &

Q. / ARy IBERB YR 1 3w? Q.
constant I

(shift away) eigenvalues give oscillation frequencies




Q: if all omegas are equal,
what are oscillation frequencies?

d2 Qa 9 3w32; wxc‘;y WyWy ks

575 O — EH — | wewy 3wy  wyw;, Q,

Q. / ARy IBERB YR 1 3w? Q.
constant

(shift away) eigenvalues give oscillation frequencies




Closing the equations

Generically the equations do not close so easily
-- introduce more formal tools for dealing with it

Changing trap constants for short time:

Hpert T )\oz (t)Qa
Response
<Q5(t)> L <T6if dT(HO—l—Hpert)Qﬁe—if dT(HO—I—Hpert)>

s <Q6>o-|-/dtlxgﬁ(t—t’))\a(t’)+...

a(t)

e — T([Qﬁ(t)a Ra(0)])o




Interaction picture

(only if requested)

[J — Te—ift dr(Ho+H')

=t ir
Z@tU ] eiHOtH/U

= H'(t)U
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U(t) ~ 1—z'/td7'H’(7')




Equations of motion

& = 210,51, Qu(0))o

O Xap = =2 ([Q5(05 Qa(0)])o+ =
Substitute in EOM for Q
When EOM for Q close -- so do EOM for chi

([Q3(0), Qa(0)]) = 5@B4<ia>

1 1
== E[Qaa H] = E ;riapia +piozria




Expected Structure:

Pamped Harwonic oscillator
X(t) Tm[x(w)]

//\/\/\\/t Y JL -

Probe and response commute
at t=0

Sum rules: Fit parameters from t=0
Make Ansatz for chilt) chi and derivatives




</>\ Sum Rules =

\/A\/\/t Y A i

f-sumrule: (always set by kinematics)

M, = / Z—:(iw)x(w) = —i([Q'(0), Q(0)])




</>\ Sum Rules i
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Estimate frequency

—w™? ~ eigenvalues(M; ' M3)

Other tools: Cowmpressibility sum rule

dw i
M_q = lim —we“"tx,(w) =l dy
t—0 27 W t—0

@,

=x(w=0)  Gratic Response
(or use Krawmers-Kronig)




2-component Ferwi Gas




So What

Measurement - . Caleulation
Agreewment

Aside from learning that our sum rules work --
what do we learn?

A: Modes depend on equation of state --
learn about it




Simpler Case

Pipole Mode (Kohn Mode)

Shift Trap center: . = @)X

= 29 (x(x(0) - X)X (1)
Equations of motion:
X = P/m O P = —mws X

Solution
X (t) = cos(wt) X (0) + (m/w) sin(wt) P(0)




Response function

= 2 x(0)x(0) - XX (1)

X = %H(t) sin(wt)

(we will see these

Useful to introduce “structure factors” vkl
> discuss Scattering)
X~ = (X (£)X(0))

= (X?) cos(wt) + (m/w){X P) sin(wt)

= % (coth(Bw/2) cos(wt) + isin(wt))

Sa: <%§;(0)X( )) know about T
5 (coth(Bw/2) cos(wt) — isin(wt))




Petailed Balance
xoHE) = Trer? et Xt X
= Tre P2 Xe PHHIt X o tHEPH
= x~(t +1i0)

Fourier Transform:

xT@) =xi(=) =7 (=)

>

X
Energy added to probe | Energy taken from probe

(vanishes at T=0) A
L i V




