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Goal

Neutron Scattering + sum rules = single 
particle spectrum



Neutron Scattering
in Helium

“fast” neutrons: atoms do not have time to move

Neutron sees potential:

Vk = Ukρ−k

V (r) =
∫

dr′U(r − r′)ρ(r′)

k

k`

Fermi’s Golden Rule:

Γk→k′ = 2π|Uq|2〈ρqρ−q〉δ(ω)
q = k′ − k

ω =
k′2

2m
− k2

2m



Neutron Scattering
in Helium
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q = k′ − k

ω =
k′2

2m
− k2

2m

Static Structure factor

S(q)



Helium
Bose Condensate:

Single particle spectrum = phonon spectrum

Only long wavelength redistribution of particles = phonons



Helium
Bose Condensate:

Single particle spectrum = phonon spectrum

More formally: single particle spectrum hybridized 
with phonon spectrum

has overlap with

Determining phonon spectrum determines single particle 
spectrum



Dynamic structure 
function

Density response function:

=
θ(t)
i

[S(q, t)− S(−q,−t)]

χR(q, t) =
θ(t)
i

〈[ρq(t), ρ−q(0)]〉

S(q) = S(q, t = 0)



Meaning of dynamic 
structure factor

S(q, ω) =
1
V

∫
d3r

∫
d3r′

∫
dte−ik(r−r′)+iωt〈ρ(r, t)ρ(r′, 0)〉

Measures density fluctuations at frequency omega
and wave vector q

Detailed Balance: S(q, ω) = eβωS(q,−ω)

S

ω

frequency of phonon 
with momentum q



Zero T

S(q, ω) =
1
V

∫
d3r

∫
d3r′

∫
dte−ik(r−r′)+iωt〈ρ(r, t)ρ(r′, 0)〉

Measures density fluctuations at frequency omega
and wave vector q

Detailed Balance: S(q, ω) = eβωS(q,−ω)

S

ω

frequency of phonon 
with momentum q



Sum Rules

Zero T
2ImχR(q,ω) = S(q, ω)− S(−q,−ω)

= -

2Imχ ≈ 2πAk [δ(ω − ωk)− δ(ω + ωk)]
∫ ∞

0
2Imχ

dω

2π
=

∫ ∞

−∞
S(k, ω)

dω

2π
= S(k)

= 〈[ρ̇k, ρ−k]〉
∫ ∞

−∞
iω 2Imχ

dω

2π
≈ 2iωkS(k)



f-sum rule
ρk =

∑

q

ψ†
k+qψq

ρ̇k =
1
i

∑

q

(
q2

2m
− (k + q)2

2m

)
ψ†

k+qψq

[ρ̇k, ρ−k] = i
k2

m
N

[S often defined with a factor of V -- since it is extensive]

ωk =
Nk2

2mSk



Result

This theory

Better 
theories

Limited Accuracy:  Spectral function has more 
structure



Inelastic Neutron 
Scattering

k

k`

Neutron sees potential:

Fermi’s Golden Rule:

Vk = Ukρ−k

V (r) =
∫

dr′U(r − r′)ρ(r′)

Γk→k′ = |Uq|2
∑

f

| < f |ρ−q|i〉|22πδ(ω − (Ef − Ei))

= |Uq|2S(q, ω)
q = k′ − k

ω =
k′2

2m
− k2

2m



Fluctuation-Dissipation 
Theorem

2ImχR(q,ω) = S(q, ω)− S(−q,−ω)

Dissipation Energy
out

Energy
in

Collective 
Mode

Scattering 
expt



Recovering Static Limit
q = k′ − k

k

k′

θ

q
q1

q2

ω =
k′2

2m
− k2

2m

q1 ≈ kθ
Small angles:

ω ≈ kq2

m

Γk→k′ = |Uq|2
∑

f

| < f |ρ−q|i〉|22πδ(ω − (Ef − Ei))

zero unless ω ∼ cq

q = kθ

√
1 +

(mω

k2θ

)2

≈ kθ
(
1 +O(c/v)2

)



Recovering Static Limit
Γk→k′ = |Uq|2

∑

f

| < f |ρ−q|i〉|22πδ(ω − (Ef − Ei))

q ≈ kθ

Γθ ≈
∫

dωΓ

Integrating over all momentum transfers and energies
reduces to

S(q)


